Active magnetic regenerators (AMR) have the potential for high efficiency cryogen liquefaction. One active magnetic regenerative liquefier (AMRL) configuration consists of dual magnetocaloric regenerators that reciprocate in a persistent-mode superconducting solenoid. Issues with this configuration are the spatial and temporal magnetization gradients that induce large magnetic forces and winding currents. To solve the coupled problem, we present a force minimization approach using passive magnetic material to balance a dualregenerator AMR. A magnetostatic model is developed and simulated force waveforms are compared with experimental measurements. A genetic algorithm identifies force-minimizing passive structures with virtually ideal balancing characteristics. Implementation details are investigated which affirm the potential of the proposed methodology. 
Subscripts and Superscripts

Introduction
Although hydrogen has an energy density several times greater than fossil fuels, the low volumetric energy density of the gaseous phase has motivated research efforts on storage [1] and liquefaction technologies. The low conversion efficiencies of present state-of-the-art plants coupled with transportation losses significantly raise the cost of liquid hydrogen. The Active Magnetic
Regenerator (AMR) uses a Magnetocaloric Material (MCM) as the matrix media in a thermal regenerator [2] , and shows promise for high efficiency distributed cryogen liquefaction [3] . The magnetic phase change is intrinsically more reversible then vapor-compression, and the potential for small-scale distributed plants facilitate liquid hydrogen transportation infrastructure.
While room temperature AMR devices using permanent magnets are an active area of research [4, 5, 6, 7] , only a small number of cryogenic AMR devices using superconducting magnets have been presented. Zimm et al.
(1996) measured a 35 K temperature span while rejecting heat to liquid nitrogen. Rowe and Tura (2006) [8] measured a 50 K temperature span from room temperature using a three material regenerator, and the device was later modified for cryogenic testing [9] . The layered experiments were investigated in subsequent analytical and numerical works [10, 11, 12] . Kim et al. (2013) [13] presented a 57 K temperature span with a no-load cold temperature of 24 K using 83 grams of magnetocaloric material. The device performance was numerically investigated and an optimized layering composition was proposed [14] . Improved cooling capacities required increased magnetocaloric mass which, to avoid a magnet quench, decreased the magnetic field strength and consequentially the cooling capacity; a dilema stifling AMR liquefier development.
The interaction between magnetocaloric material and superconducting magnetic field generators must be understood. Rowe and Barclay (2002) [16] investigated magnetic forces in a reciprocating AMR. The centerline field of a static, air-bored solenoid simulation was used to evaluate magnetization and magnetic forces. An optimization routine found a flywheel configuration minimizing the cycle RMS torque accounting for magnetic, pumping and inertial loads. While a flywheel attenuates torque fluctuations at the drive input, the rapid change in magnetization exists in the superconducting winding.
Peksoy and Rowe (2005) [17] later performed magnetostatic field simulations to investigate the variation of magnetization in a single and twomaterial AMR. [18] continued this work by investigating ferromagnetic shims to concentrate magnetic field lines in the regenerator, demonstrating that the influence of magnetic material on the magnetic field distribution can be both the detrimental and beneficial. Arnold et al. [19] presented experimental measurements of the mechanical, eddy and magnetic work in a reciprocating AMR device. Although large forces were present, it 6 was found that the thermodynamic cycle work was on the order of the experimental uncertainty. This emphasized that while regenerator efficiencies may be high, device efficiencies are heavily penalized without force balancing.
While Peksoy and Rowe (2005) [17] solved the magnetostatics problem, several works have investigated magnetic forces with a simplified treatment of the magnetic field distribution (i.e. B = µ 0 H). Kamiya et al. [20] analyzed the force waveform of a reciprocating AMR with gadolinium doped dysprosium aluminum garnet using a similar methodology as Rowe and Barclay (2002) [16] . The authors reported a 60 % force reduction using magnetic material between regenerators. Allab et al. [21] simulated the magnetic force on a gadolinium (Gd) sample as a function of the local magnetic field strength, and presented force waveforms for a magnetized and demagnetized regenerator. Gama et al. [22] compared experiments and simulations of the force on a ferromagnetic sphere as it was brought into the air gap of a permanent magnet array. Balli et al. [23] showed experiments and simulations of magnetic force on a magnetocaloric material using a similar formulation, and demonstrated partial force cancellation from dual regenerators in a reciprocating design.
In the present work, a magnetostatic model is developed to study the interaction of a multilayered AMR and superconducting magnetic field generator. Magnetic forces are analyzed and compared to experimental measurements. A passive ferromagnetic structure is proposed and optimized to balance magnetic forces. The contribution of each component to the total force waveform is investigated and implementation details such as force sensitivity and field distribution are discussed. 
Magnetostatics model
The superconducting winding is modeled in COMSOL Multiphysics using the magnetic fields interface in an axisymmetric domain. For the low operating frequency of an AMR, Maxwells equations reduce to
where B is the magnetic flux density in T, H is the magnetic field strength in A/m and j is the current density in A/m 2 . These are solved numerically with the constitutive relation B = µ 0 ( H + M ), where M is the total magnetic moment or magnetization in A/m.
Magnetic forces are evaluated in COMSOL Multiphysics by numerically integrating the Maxwell stress tensor
where S is a surface in free space enclosing the considered body and n is a unit vector normal to the integration surface. The Maxwell stress tensor,
is defined for any coordinate system as
where δ ij is the Kronecker delta and || B|| If the flux density and magnetization are uniform over a material volume, and the applied field and magnetization are along the solenoidal axis, the force can be described as
which is the so-called Kelvin force [26, 27] . Although the more-robust Maxwell stress tensor formulation is used in the present work, the Kelvin force familiarizes the physical mechanisms describing magnetic forces in magnetized bodies. Eq. 5 describes a force increase with field gradient and magnetization, which occur with increased coil current and decreased magnetocaloric material temperature, respectively.
AMR configuration
The AMR apparatus considered contains two regenerators with eight layers of magnetocaloric material which are summarized in Table 1 . The layers consist of rare-earth gadolinium and gadolinium alloys with yttrium, terbium, erbium, dysprosium and holmium with a Curie temperature spacing of 20 K per layer. Spherical particles are prepared by AMES using a rotating disk apparatus [28] and packed into regenerators with a porosity of 0.36.
The simulations described here consider gadolinium-like materials with molecular field theory (MFT) [27, 29] generated magnetization data shifted to the respective Curie temperature. The specific magnetization (M=ρσ) as a function of temperature and magnetic flux density is shown in Fig. 1 .
The magnetization is then corrected for porosity and processed into relative permeability curves. 
Optimization formulation
Passive, ferromagnetic structures are proposed in the regenerator assembly to minimize the rapid change of magnetization in the windings. Fig. 2 shows the outer radii of the proposed passive structures parameterized for optimization. The passive structure between regenerators (r m1 , r m2 ) has a fixed length of 127 mm with a 10 mm gap on either side for the layer 1 (L1)
housing and flow distributor. The outer structure (r o1 , r o2 ) has a fixed length of 85 mm, constrained by the superconducting magnet's open-air rhetort, and is spaced 10 mm from layer 8 (L8). A fixed inner radius of 10 mm is considered in both structures, and the layer geometry is summarized in Table 1 .
The passive structure is composed of 1010 steel with experimental B-H data provided by COMSOL Multiphysics.
The force waveform, F(z magnet ), is composed of static force simulations as the regenerator assembly translates downwards with increasing values of z magnet . An optimization problem is formulated to find the ferromagnetic structures defined by (r m1 , r m2 ,r o1 , r o2 ) that minimize the l 2 norm of the force waveform.
Min||F (r m1 , r m2 , r o1 , r o2 )|| = zmax zmagnet=0 F (z magnet , r m1 , r m2 , r o1 , r o2 ) 2 (6) Due to the problems non-convexity, the optimization is performed in MATLAB using the genetic algorithm. An initial population of 25 randomly candidates are procreated with a crossover fraction of 0.9 in a process mimicking biological evolution, amalgamating the design traits of two favorable The model is in good agreement with the magnitude of the measured force waveforms, and the peak force location is predicted for both experiments. While the simulated paramagnetic forces are nearly identical to measurements, the ferromagnetic simulations are 12.5 % higher than measured.
The discrepancy is likely caused by a combination of simulated magnetization data and the magnetic alloy treatment. The MFT data in Fig. 1 shows higher ferromagnetic magnetization at low field strengths than experimental measurements [30] . Additionally, shifting gadolinium magnetization data to the ordering temperatures of layers 1-8 causes properties to be referenced 140 K from the Curie temperature, where the impact of varying alloy parameters (e.g. electron spin and orbital angular momentum) on magnetization is most pronounced [27] . This error is expected to decrease in operation with a linear temperature span from T H = 280 K to T C = 120 K, where materials operate in the vicinity of the magnetic ordering temperature. 
Force minimization
The optimization converged on a design vector of (r m1 , r m2 , r o1 , r o2 ) = 
Discussion
Solution Sensitivity
The passive structures are optimized for T C = 120 K and µ 0 H = 6 T;
however, the impact of operating conditions on the force waveform with passive structures must be investigated. Without passive balancing material, the forces increase weakly with decreasing temperature and strongly with increasing field strength as shown in Fig. 7 . Fig. 6 shows the insensitivity of maximum force to field strength at the design temperature of 120 K; the same passive structure balances forces at an applied field of 3 T (33.2 A) and 6 T (66 A). Furthermore, the force is significantly reduced for nearly all operating conditions with passive balancing material.
Field homogeneity
Minimizing the low field strength is a priority, as the adiabatic temperature change of gadolinium alloys scale with B 2/3 [31] . The magnetocaloric material compresses field lines in the solenoid bore, increasing the high field strength. This phenomena was observed and exploited by [18] , however Fig. 8 demonstrates how the same mechanisms can also be detrimental. Fortunately, the increased low field strength is minimal with the addition of passive balancing material.
Eddy Currents
A consequence of the force balancing structure is the generation of eddy currents. The power dissipation from induced currents in an electrically resistive medium act as a parasitic load into the cold side of the AMR. Kittel (1990) [32] derived analytic expressions for eddy current power dissipatioṅ
where Γ is a geometric form factor, A is the area enclosed by the largest possible current loop, V is the volume of material and ρ e is the electrical resistivity. As AMR performance increases with field strength and operating frequency, ΓAV/ρ e must be minimized. While ΓAV can be reduced with thin laminations of the 1010 alloy considered here, powder cores [33] and tapewound amorphous magnetic materials [34, 35] deserve further investigation.
Conclusion
To overcome the rapid change of magnetization in superconducting windings, a passive force balancing structure is proposed in a dual-regenerator, reciprocating AMR apparatus. A magnetostatic model is developed to investigate the interaction between magnetocaloric material and a superconducting magnetic field generator. The model is validated with experimental force measurements, and a genetic algorithm is implemented to identify a force-minimizing passive balancing structure at cold side temperature and field strength of 120 K and µ 0 H = 6 T.
The methodology produces a unique structure which decreases the net force by a factor of 100. The optimized structure is shown to be effective 23 over a wide range of operating conditions and has minimal impact on the effective magnetic field change. Future works will focus on the experimental treatment of magnetization properties, experimental testing of optimized passive structures and the minimization of low field strength.
